Let be a unital Banach algebra. Assume that a has a generalized inverse a + . Thenā = a + Ža ∈ is said to be a stable perturbation of a ifā ∩.1−aa + / = {0}. In this paper we give various conditions for stable perturbation of a generalized invertible element and show that the equationā ∩.1−aa + / = {0} is closely related to the gap functionŽ .ā ; a /. These results will be applied to error estimates for perturbations of the Moore-Penrose inverse in C * -algebras and the Drazin inverse in Banach algebras.
Introduction
Throughout the paper, is a complex Banach algebra with unit 1. Let GL. / denote the group of all invertible elements in . An element a in is said to be generalized invertible if there is a b ∈ such that aba = b and bab = b. Such an element b is called a generalized inverse of a, denoted by a + (certainly such an a + is not unique). If is a Cis GI. /. Recall from [9] that a ∈ is Drazin invertible if there are a b ∈ and a natural number k such that a k ba = a k ; bab = b; ab = ba:
The least k such that (1.2) holds for some b is called the index of a, denoted by Ind .a/. In this case, the b in (1. In recent years, many results have been published concerning the continuity of the Moore-Penrose inverse in C * -algebras and the Drazin inverse in Banach algebras (see, for example, [10, 12, 14, 16] ). In [10] and [16] , Rakočević gave many equivalent conditions for the continuity of the Moore-Penrose inverse in C * -algebras and the Drazin inverse in Banach algebras respectively. Connected with the continuity of generalized inverses and Drazin inverses, quantitative analysis of perturbations of Moore-Penrose inverses in C * -algebras and Drazin inverses in Banach algebras has not been fully developed though Castro-González and Koliha in [2] and Rakočević and Wei in [17] have made a start on this programme.
Compared those with the study of the Moore-Penrose inverses on Hilbert spaces and Drazin inverses on Banach spaces, there are many fruitful results concerning the quantitative analysis of the perturbation of the Moore-Penrose inverses on Hilbert spaces and Drazin inverses on Banach spaces. For example, in [5, 7, 20] the author gave an estimate of perturbation bounds for the Moore-Penrose inverse on Hilbert spaces under stable perturbation of operators, which is a generalization of rankpreserving perturbation of matrices. Meanwhile, for the Drazin inverse on Banach spaces, many perturbation analysis results have been obtained in [2] , [3] , [4] and [13] by means of the gap between operators (which is the gap between their graphs) or the gap between the subspaces Ran .T k / , Ran .T k / and Ker T k , KerT k of the Drazin invertible operators T andT (where k = max{Ind .T /; Ind .T /}).
In order to give a quantitative analysis of perturbations of generalized inverses in C * -algebras and the Drazin inverse in Banach algebras without using the gap function, we first generalize the concept of the so-called stable perturbation of operators in [6] to the case of Banach algebras and establish a self-contained perturbation theory. This theory provides several useful conditions for stable perturbation. Some of these involve deep properties of idempotents in Banach algebras. Then we apply this theory to estimate the perturbation bounds of the Moore-Penrose inverse in C * -algebras and the Drazin inverse in Banach algebras.
Stable perturbation in Banach algebras
Let X be a Banach space and B.X / be the Banach algebra of all bounded linear operators on X . For T ∈ B.X /, we write Ran .T / (respectively Ker T ) to denote the range (respectively null space) of T . Let T ∈ GI.B.X // andT = T +ŽT ∈ B.X /. We say thatT is a stable perturbation of T if Ran .T /∩ker T + = {0} for some generalized inverse [5, 6, 7, 20] we can see that this concept plays a very important role in studying perturbations of generalized inverses in infinitedimensional spaces.
For any a ∈ , let L a be the left multiplier on , so that L a x = ax for all x ∈ . Then L a ∈ B. / and Ran .L a / = a and Ker L a = {x ∈ |ax = 0}. It is easy to check that if a ∈ GI. / then L a ∈ GI.B. // and L a + is one of its generalized inverses. Moreover, Ker .
This leads to the following definition. DEFINITION 2.1. Let be a unital Banach algebra andā = a + Ža ∈ for a ∈ GI. /. We say thatā is a stable perturbation of a (with respect to a
The following conditions provide means for efficient handling of stable perturbations of elements of GI. /. (1)ā ∈ GI. / withā
Thus .1 −āā + /z = x =ā y and hence x = 0.
(2)⇒(3). Set z =ā.1 + a
it follows that z ∈ā ∩ .1 − aa + / = {0}, so z = 0.
(3)⇔(4). In fact:
(3)⇒(5). We have
(5)⇒(1). The computation above shows that if (5) is true then
Since aa
COROLLARY 2.3. Let be a unital Banach subalgebra of . Let a ∈ GI. / and a = a + Ža ∈ with a
PROOF. The "if" part is obvious. We now prove the "only if" part. By Propo-
The gap functionŽ .V 1 ; V 2 / of V 1 and V 2 is defined bŷ
PROOF. The assertion is trivial when 
As an application of stable perturbation in C * -algebras, we give perturbation analysis for generalized inverses in a C * -algebra as follows. PROPOSITION 2.6. Let be a unital C * -algebra. Suppose a ∈ GI. / and a = a + Ža ∈ with a † Ža < 1. Suppose thatā ∩ .1 − aa † / = {0}. Thenā ∈ GI. / and
PROOF. By [15] , has a faithful representation .³;
by [20, Proposition 7] .
Since ³ is a * -isometry and 0 is an isolated point of the spectrum ofĀ * Ā , it follows that 0 is an isolated point of the spectrum ofā * ā , that is,ā ∈ GI. / and (2.1) follows.
Let
be a unital C * -algebra and {a n } ∞ 0 ⊂ GI. /\{0} with lim n→∞ a n = a 0 . In [16] 
PROOF. The proof of the equivalence of (1), (2), (3) and (4) Ž .a n ; a 0 / =Ž .a n a † n
So lim n→∞Ž .a n ; a 0 / = 0 and hence, a n ∩ .1 − a 0 a † 0 / = {0} for n large enough by Proposition 2.5 (take Ža 0 = a n − a 0 andā 0 = a 0 + Ža 0 ).
(5)⇒(1). When a n ∩ .1 − a 0 a † 0 / = {0} for sufficiently large n, we have lim n→∞ a † n = a † 0 by Proposition 2.6.
Some further conditions for stable perturbation
We know from [6, Corollary 3.1] that, for T;T = T + ŽT ∈ B.X / with T + existing and T + ŽT < 1, if dim KerT = dim Ker T < +∞ (or rankT = rank T when dim X < +∞) thenT is a stable perturbation of T . We will extend this result to the case of Banach algebras.
For a ∈ , put Ker .a/ = {x ∈ |ax = 0} and coKer .a/ = {x ∈ |xa = 0}. Obviously, if a ∈ GI. / then Ker .a/ = .1 − a + a/ and coKer .a/ = .1 − aa + /.
Then Ker .ā/ ⊂ p a and coKer .ā/ ⊂ q a .
PROOF. Let x ∈ Ker .ā/ and y ∈ coKer .ā/. Then
Consequently, x = p a x, y = yq a , that is, Ker .ā/ ⊂ p a and coKer .ā/ ⊂ q a .
Let p, q be idempotents in a complex Banach algebra . Recall that p and q are equivalent in (in symbols, p ∼ q) if there are x; y ∈ such that p = x y, q = yx. Note that x, y can be chosen so that px = xq = x and qy = yp = y. Also p and q are said to be similar (in symbols, p ≈ q), if there is an a ∈ GL. / such that p = a −1 qa when is unital; if is nonunital p ≈ q means that there is an a ∈ GL. / such that p = a −1 qa, where = {½ + x| ½ ∈ C; x ∈ }. Clearly, if p ≈ q, then p ∼ q. Let be a Banach algebra with unit 1. is said to be finite if for any idempotent e ∈ with e ∼ 1, we have e = 1. If is nonunital and is finite, we will say is finite. For example, every finite dimensional Banach algebra is finite; the matrix algebra over a commutative Banach algebra is finite; and the Banach algebra Ã .X / consisting of all compact operators on X is finite (this can be shown by means of the Fredholm index).
Let p be a nonzero idempotent in . We will say p is finite if p p is finite.
LEMMA 3.2. Let p, q, r be nonzero idempotents in a Banach algebra .
(1) If p ∼ q and q ∼ r then p ∼ r; 
(2) Let x; y ∈ be such that p = x y; q = yx; px = xq = x; qy = yp = y:
Since pq = qp = q, it follows that x = px p, y = pyp. Thus p ∼ q in p p. Noting that p is the unit of p p and p p is finite, we have p = q. (3) Let e be an idempotent inwith e ∼ q. Let a; b ∈ be such that p = ab; q = ba; pa = aq = a; qb = bp = b:
Put f = aeb. Then f p = p f = f by (3.1). From eq = qe = e, we get that f 2 = f . Since f ∼ e ∼ q ∼ p by (1) and p is finite, we have f = p by (2) and hence e = q by (3.1).
THEOREM 3.3. Let be a unital Banach algebra and let a;ā
PROOF. Let p a , q a be as in Lemma 3.1. From
we see that p a and q a are idempotents and p a ≈ 1 − a + a, q a ≈ 1 − aa + . Now putp = 1 −ā +ā ,q = 1 −āā + . Then, by Lemma 3.1, p ap =p andqq a =q. Set w 1 = 1 +p p a .1 −p/, w 2 = 1 + .1 −q/q aq . Then w 1 ; w 2 ∈ GL. / with w −1 [9]
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Let p be a nonzero idempotent in Banach algebra . We say p is minimal if p p = {½p|½ ∈ C}. Let M. / denote the set of all minimal idempotents in . Now suppose that is a semiprime Banach algebra (that is, for any x ∈ \{0} there is y ∈ such that yx y = 0) and M. / = ∅. Then the socle S is defined as the smallest ideal which contains { p| p ∈ M. /} (or { p | p ∈ M. /}) (cf. [18, pages 45-47] ).
According to [1] PROOF. We only give the proof for right ideals Ker .a/ and Ker .ā/. The proof of the remainder is similar.
Let
Suppose that Â.Ker .a// = n ≥ 1. Then there are e 1 ; : : : ; e n ∈ M. / ∩ p a such that p a = e 1 + · · · + e n ; e i e j = 0; i = j; i; j = 1; : : : ; n: 
Perturbation analysis for Drazin inverse
Let a ∈ G. / and put a ³ = 1−aa # . Then a ³ is an idempotent and aa
it follows that 8.a/ ∈ GL. / and 
Noting that a ³ .1 + a # Ža/ −1 a # = 0 and 8.a/a ³ = a ³ , it can be checked that
We now give a perturbation analysis for group inverses under stable perturbation as follows. 
We have, by (4.1),
we deduce that
by (4.4) . Finally, by (4.3),
Now we have
Let a;ā = a + Ža ∈ and put Ža j = .a + Ža/ j − a j , j = 1; : : : ; n. Then
Suppose ž a < 1. From above, we can deduce that
a n / # a n−1 for any n ≥ k. So Ker .a n / = a ³ and a n = .1 − a ³ / for all n ≥ k. Using Theorem 4.2, we can give perturbation bounds for Drazin invertible elements in a Banach algebra as follows.
; where n = max{k 1 ; k 2 }:
PROOF. Noting that Ä D .a/ ≥ aa D ≥ 1, we have ž a < 1 and
by (4.6). Then applying Theorem 4.2 to .a n / # and .ā n / # , we obtain the assertion. < +∞, etc. In addition, if sup n≥0 Ind .a n / < +∞, we have the following. COROLLARY 4.4. Let a n ∈ D. / for n ≥ 0 with lim n→∞ a n = a 0 and suppose that l = sup n≥0 Ind .a n / < +∞. 
